Supplementary Material

Beyond Mie Theory: Systematic Computation of Bulk Scattering
Parameters based on Microphysical Wave Optics

YU GUO, University of California, Irvine, USA
ADRIAN JARABO, Universidad de Zaragoza - I3A, Spain
SHUANG ZHAOQ, University of California, Irvine, USA

In this document we derive the far-field scattered field of clusters
of particles from the Foldy-Lax equations. For completeness and
selfcontainedness, we start by reviewing time-harmonic electro-
magnetics following the derivations described by Mishchenko et
al. [2006] (§S1), and its formulation for a medium with multiple
particles embedded using the Foldy-Lax equations [Foldy 1945; Lax
1951](8S2) and their far-field approximations (§S3.

From these, we later derive the scattering dyad encoding the
response of a cluster of particles in the far field, which later can be
used to compute the (radiative) optical properties of a scattering
medium.

S1 ELECTROMAGNETIC SCATTERING

The propagation of a time-harmonic monochromatic electromag-
netic field with frequency w is defined by the Maxwell curl equations
as

V X E(r) = iop(r)H(r),
V x H(r) = —iwe(r)E(r), (S.1)

with V X. the curl operator, E(r) and H(r) the electric and magnetic
field at r respectively, p(r) and e(r) the magnetic permeability and
electric permittivity at r respectively, and i = V—1.

By assuming a non-magnetic medium (i.e. u(r) = po, with po the
magnetic permeability of a vacuum), and taking the curl on the first
line in Equation (S.1) we get

V2E(r) = iwp(r)V x H(r)
= —i2w?ppe(r)E(r), (S.2)

with V2 = V x V, which by arithmetic reordering reduces to the
electric field wave equation

V2 x E(r) — k(r)%E(r) = 0, (S.3)

where k(r) = w+/e(r)yp is the medium’s wave number at r. Note
that the wave number k has a dependence on the frequency w; in
the following we omit such dependence for brevity.

Let us now assume an infinite homogeneous isotropic medium
with permittivity €1, filled with scatterers with potentially inhomo-
geneous permittivity e2(r). This separates the space in two different
regions: The surrounding infinite region Vj, and the finite disjoint
region occupied by the scatterers V, so that V [ Vo = R3. Under this
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configuration, we can express Equation (S.3) as two different wave
equations

V2 X E(r) - kE(r) = 0,1 € Vj, (S.4)
V2 X E(r) — ko(r)?E(r) = 0,r € V, (S.5)

with ki the constant wave number at the hosting medium, and
k2(r) the potentially inhomogeneous wave number at the scatter-
ers. Equations (S.4) and (S.5) can be expressed together in a single
inhomogeneous differential equation as

V2 x E(r) — k*E(r) = U(r) E(r), (S.6)

with U(r) = kf [m?(r) — 1] the potential function at r, and m(r) =
k2(r)/kq the index of refraction at r. It is trivial to verify that for
r € Vp in the hosting medium m(r) = 1, then the potential function
U (r) vanishes, and Equation (S.6) reduces to Equation (S.4).

Solving the inhomogeneous linear differential equation described
in Equation (S.6) results in two terms: The contribution of the in-
cident field E"¢(r), which is the sole contribution in the case of
a homogeneous medium, and the scattered field E®®(r) resulting
of introducing inhomogeneities (i.e. scatterers) in the embedding
medium, as

E(r) = E"(r) + E4(r). (S.7)

The fist part trivially satisfies Equation (S.4) for the incident
field E™(r). In order to compute the scattered field ES2(r), we
enforce energy conservation by computing a solution that vanishes
at large distances. We introduce the free-space dyadic Green func-
tion ar, r’) that satisfies the impulse response of the linear system
in Equation (S.3), modeled as

V2 xG(r,r') - k2 Gr,r') =18(r— ), (S.8)

where 1 is the identity dyad, and 8(-) is the Dirac delta function.
Note that the derivatives are with respect to r. Multiplying both
sides of the differential equation by U(r) E(r), and integrating both
sides with respect to r’ over the entire space R>, we get

Esca (1‘)

(v2 X1 - k{?) / U G(r,t') - E(r') dr’ = U(r) E*%(x), (5.9)
R3

with . - . the dyadic-vector dot-product. Since the potential function

U (r) vanishes everywhere outside V, we can express the scattered

field E*(r) as an integral on the space occupied by scatterers V
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only, as
ES(r) = /V UG r') - B(r) dr’
=& [ -1 B 0
\74

Now, the only term missing for computing E“®(r) is the Green
function that solves Equation (S.8), which has a well-known solution
as

exp(iki|r = r’])

Grr') = (T’ kY ® v) : (S.11)

4x|r — 1’|
where . ® . denotes the dyadic product of two vectors, and the
derivative operator V applies over r.

Finally, by plugin Equation (S.10) into Equation (S.7) we get the
volume integral equation [Mishchenko et al. 2006, Sec.3.1] that solves
the Maxwell equations (S.1) as the sum of the incident field E(r)
and the scattered field E*“®(r) due to inhomogeneities in the medium
in the form of scatterers:

E(r) = E™(1r) + E5(r)

— EinC(r) + /V k%[mz(r’) _ 1]ar’ r')-E(r’)dr’. (5.12)
—_———
U(r)

Intuitively, Equation (S.12) models the scattering field as the su-
perposition of the spherical wavelets resulting from a change of
permitivitty (i.e. with m(r’) # 1). This is a general equation that
solves the Maxwell equations for non-magnetic media in arbitrary
setups. Note also the recursive nature of Equation (S.12); we will deal
with this recursivity in the following section, computing ES¢?(r) as
a function of the incident field E™¢(r).

S2  FOLDY-LAX EQUATIONS

Let us consider a medium filled with N finite discrete particles with
volume V; and index of refraction m;(r). We can now define the
potential function U;(r) for each particle i as

r¢V;

revi (S.13)

0,
Ui(r) = {kf[ml?(r) 1]

with the total potential function U in Equation (S.12) defined as
U(r) = Zfil Ui(r). By combining Equations (S.12) and (S.13), we
can express the field at any position r € R? following the so-called
Foldy-Lax equation [Foldy 1945; Lax 1951] as

N
E(r) = E™(r) + Z/ ar, r')- / ?(r', r’’) - E;(r")dr” dr’
i=1 YV Vi

N
= EC(r) + Z ES(r), (S.14)
i=1

with E;(r) = E¢(1) + Zﬁ £i)=1 E?}‘C(r), where the partial exciting
field E?;.‘C(r) from particles j to i and E;**(r) the scattered field
from particle i. Note that we overload the dot-product operator
accounting for the dyad-dyad case. The dyad transition operator
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Tf(r, r’) for particle i defined as [Tsang et al. 1985]
Ti(r.x') = Ui(0)8(r = )T

+ Ui(r) / ar, r’’) '?(r", r’)dr”, (S.15)
Vi

with §(x) the Dirac delta, T the identity dyad. The partial exciting
field E'f;fc(r) is defined as

ES(r) = / Gr,r') - / T, x") - E;(x”) dr” &', (S.16)
vj v

with r € V;. Note that the exciting field E?}‘C (r) has essentially the
same form as the scattered field E5®*(r) from particle j. As shown
by Mishchenko [2002], the Foldy-Lax equations (S.14) solve exactly
the volume integral equation (S.12) for multiple arbitrary particles
in the medium without any assumptions on their composition or
packing rate, beyond the assumption of a homogeneous hosting
medium.

S3  FAR-FIELD FOLDY-LAX EQUATIONS

Equation (S.16) define the exact exciting field resulting from scatter-
ing by particle j on particle i. However, if the distance between par-
ticles R;; = |R; —Rj|, with R; the origin of particle i, is large, so that
k1R;j > 1, we can approximate the propagation distance between
pointsr € V;andr’ € Vjas|r—1'| = Rij+(ﬁij-Ar)—(f{ij~Ar’),with

A R;-R; . . . .
R;j = R ., Ar = r—R; and Ar” = r’ —R;. With this approximation,

and after some algebraic operations, we can now approximate the
dyadic Green’s function as

exp(ik1R;;)

i) ~ TRy oltyy) C2IR)
(r,r") = ( ij 11) 4R g

(Rij, Ar)g(-R;j, Ar'), (S.17)
with g(f, r) = exp(ik11i - r). With this approximation, we can now
express E?J’.‘C(r) for a point r € V; using its far-field approximation,
as
exp(iki Rij) 4 .

ES(r) = T”g(RU, ADESS(Ry),  (S.18)
with r € V; a point in particle i, and E‘l”l‘; the far-field exciting field
from particle j to particle i defined as

A ?— ﬁ i ® ﬁ j A —
Efl”l.‘j?(Rij) = %/ g(~R;j, Ar) / T;(r',x”)-E;(x'") dr” dr’.
4 4

(S.19)
The dyad (I - R; j® R; j) to ensure a transverse planar field, which
allows to solely characterize E?;;(ﬁi ) by the propagation direction
R;;. In order to Equation (S.19) to be valid, the distance R;j needs
to hold the far-field criteria, which relates the R;; with the radius of
the particle a; following the inequality [Mishchenko et al. 2006]

kfa?
klRi j => max

1, —|. S.20
- (5:20)

The two forms of computing the exciting field from particle j
to i (Equations (S.16) and (S.19)) suggest that we can consider two
subsets of particles j depending on their distance with respect to
the point of interest r: One set of Npear particles in the near field
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and another set of Ng,, particles in the far field. With that, we can
now the exciting field in particle i as

Nnear Nfar
Ei(r) = EM(r) + Z ES (1) + Z ESC(r). (S.21)
J(#i)=1

In the following, we will use this as motivation for defining the
exciting field on a particle from a group of particles in the far field.

S4 FAR-FIELD FOLDY-LAX EQUATIONS FOR CLUSTERS
OF PARTICLES

Here we derive the far-field Foldy-Lax equations for groups of par-
ticles where the a cluster of these particles are in their respective
near-field region, while the other elements in the system are in
the far field. For simplicity in our derivations, we consider a single
far-field incident field, as well as single particle k in the far field
region of the cluster of particles. More formally, let us now consider
a cluster C of N¢ particles, where all particles j € C are in their
respective near-field region, and that the particles of the cluster are
bounded on a sphere centered at Re with radius ac.

Since both the incident field E™(r) and the exciting field EeXC
from particle k are in the far-field region, we can assume that both
fields are planar waves defined as

E™(r) = EI exp(ikfi - Ar) = B g(d, Ar), (S.22)
ESY (r) = B0, exp(ikiRey - Ar) = ESS g(Reg, Ar) (523

with Emc and Eg’éck = % E?gk(RCk) (S.19) the amplitude
of the planar incident field and the exciting field from particle k
respectively, i and Rey the propagation direction of the each field,
and Ar =r —R¢.

Now, let us slightly abuse the dot product notation defining (¢; ®
©2) = f @1(x) - p2(x) dx, and remove the spatial dependency on
each term. By the planar incident field assumption, and plugging
Equation (S.21) into the definition of the scattered field from particle
i € C(S.14), we get

E%(r) =GeT; o E (S.24)
— Mal’ Nnedr
=GeTie Elnc+ZEexc+ Z Eexc )
Jj(#i)=1

By recursively expanding Efj’.‘c, Equation (S.24) becomes

Nfar
E(r)=GeT;e |E™+ Z ESXC (S.25)
k=1
Nhear Nfar Nhear
+ ) Ge To[EmC+ZEeCXkC+ []; ]
Jj(#i)=1 1(#))=1
where the "[...];" term represents the recursivity as
— e . Nrar Nhear
[.];=GeTje [Emc FYEE+ Y Ll ] . (5.26)
k=1 m(#l)=1

By reordering Equation (S.25) we get

Nnear Nnear
B =GeTie B+ ) GoTje[Ems Y [F" ]}
Jj(#i)=1 I(#))=1
(S.27)
Nrar — e Nnear — e Nhpear Eexc
+Z GeT;e [ES + Z GOTJ-O[E?°+ Z [...] ]
k=1 j(#F)=1 1(£))=1
where " [];’J is similar to Equation (S.26), with form
— — Nnear
[0 =T oG [¢+ [...]5’;,]. (5.28)
m(#l)=1

Finally, by exploiting Equations (S.22) and (S.23), and contracting
the recursion, we transform Equation (S.27) into

Nhear . .
()= GeTye|gi)+ » [.J9% | Ein (8.29)
J(#i)=1
Ntar Nnear R )
+ 3 [GoTie|gRep) + > [19RH | B |
k=1 (D=1

Note that each element in the sum in the equation above is the result
of the amplitude of the far-field incident or exciting fields, and a
series that encode all the near-field scattering in the cluster C. We
can thus define the scattering dyad 41?{“”(1&““, r) relating a field

~inc

incoming at particle i from direction A" with the field at point r as

Nhear Aine
'X_ﬁlear(ﬁinc’r) =?"?i” g(ﬁinc)+ Z []?(n )}_ (5.30)
Jj(#i)=1

Trivially, following our assumption of constant Elnc and EGE, for
the whole cluster C, we can compute the cluster’s scatterlng dyad

as:

‘Eﬁear(nmc I') ZAnear(Amc ) (531)
i=1

The scattering dyad 4A:ge"“(ﬁinc, r) solves the scattering field for a
unit-amplitude incoming planar field in a scene consisting of the
particles forming cluster C, and can be computed using any method
from computational electromagnetics.

Far-field approximation. Equation (S.30) represents the general
form of the scattering dyad for particle i, which results into a five-
dimensional function. Assuming that r is in the far-field region of
a particle i € C, and by using the far-field approximation of the
Green’s function (S.18), Equation (S.24) becomes

exp(ikiR;)

poy g(-R;) e T; -E;,  (S.32)

Ei(r) ~ (I R; ®R;)

withR; = [r—R;| and R; = r;zi. Note that the term g(ﬁi, Ar)
inEquation (S.18) vanishes for a single particle, since |Ar| = 0 and
therefore g(R;, Ar) = 1.
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Now;, using the definition of the scattered field E; in Equation (S.21),

and expanding E®*¢ following Equation (S.24), and expanding E{*¢

following Equation (S.25) we get

E%(r) = (I-R; o R expUkiR) g o T e i N Eex

(0= T-R@R) = =" g(-Ry) o Ty o +Z e
Nnear Nfar Nnear

¥ Z Ge T.[ElnC+ZEEXI:+ Z ],]}, (5.33)
Jj(#i)=1 1(#j)=1

with "[...];" representing the recursivity (S.26). Following Equa-
tions (S.27) and (S.29) we reorder the equation to separate the con-
tribution of the incident EI"® and exciting fields EZy respectively,
and exploit the far field assumption to put E¢ and EZ; in their
planar field form [Equations (S.22) and (S.23)], as

1k1Rl Nrear
(A (B.R;) EF+ > Ai(Rep Ri) - Eg’gk) (S.34)
k=1

E{(r) ~

with ﬁ(ﬁinc, 15?) the far-field scattering dyad relating incident and

scattered directions A" and A5® as
— _pscay
A ) = T-ReR) - L) 0T | (s39)

4
[ (ﬁ1n0)+ [ ]?(nmc) ]

j(;tl) 1

Finally, since R; ~ R¢ for all particles i € C we can approximate
the far-field scattered field of cluster C as

Nc

B (r) = ) Ef(r)

i=1

1k1R Niar
- Z (AR - Bo+ ) Ai(Rop Re) - BESS ),
=1 k=1
lklRC Nfar NC
~ e (ZA (A, Rc) - Eo+ZZA (RexRe) - Eo)ék)
i=1
lk \Re Near
= (Ac(n Re) - Eo + ZAC(RCk’RC) E(e)ck)
C k=1

(S.36)

1 A (ainc asca Nc G caine asca :
with Ac(8", 6%?) = 37 A; (8™, 5%?) the far-field scattering

dyad of cluster C.

Computing the far-field exciting field. Let us know compute the
far-field exciting field E7S from a cluster C to a particle k placed
in the far-field region of C. By plugging Equation (S.21) into Equa-
tion (S.19), and under the assumption of far-field incident fields
(Equations (S.22) and (S.23)) we get the exciting field from a particle
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i € C over particle j as:

k1 (Ri+Ry; -Ar)

ESC(r) ~ (T - Ry ® Ryy) - 9(Ry;) o T;
4 Rki
Nfar near
[E‘“C YRS Y E]] (S.37)
k'=1 J(#i)=1

This equation has the same form as Equation (S.34), and thus we
can express it using the far-field scattering dyad defined in Equa-
tion (S.35) as

ik (Rki+Rg; -Ar) Ny
EeXC( r) = T(A (A, Rl) EBHC + Z Aj (RCk’ R,) EOCCk’)’
i k'=1

(5.38)

which by summing the exciting field of all particles i € C and
following the far-field approximation (Ry; ~ Ryc, Vi € C we get

ikt (Rkc+Ric-Ar) N
EeXC( 1) ~ T (AC(I'I RC) Emc+z AC(RCk' RC) Eo)ék').
=

(S.39)
Finally, if particle k is itself contained in the near-field of a cluster
of particles Cy, then it is trivial to compute the exciting field from
cluster C to C; as
ESS(r) = Z ESS(r). (S.40)
k=1
Thus, by grouping the individual particles into N near-field
clusters, and assuming that all clusters and observation point r
lay in their respective far field, we can approximate the Foldy-Lax
equation (S.14) as

Ncls
E(r) =E™ (1) + > ES(r), (S.41)
Cj=1

with Esccj?‘(r) defined by pluging Equation (S.40) into Equation (S.36)
as

elkch
B (1) = (AC (A,Rc,) -EN (S.42)
' s
+ Y A (RecoRe) ESS Ck), (S.43)
Cr(#C)=1
with Eg’g e the amplitude of the far-field exciting field from cluster

Cy to cluster Cj.
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